We model the vocal tract as a lossless acoustic tube and consider the relationship between the resonant frequencies and the cross-sectional area function. Empirical results show that if the logarithm of the area function is band limited preserving only 2n Fourier components, the lowest n pole and n zero frequencies of the admittance function measured at the lips uniquely determine the area coefficients. The formant frequencies determined from the speech signal, the normal resonant frequencies of the vocal tract, correspond to the admittance poles. They alone do not suffice for unique area determination unless the even area coefficients are constrained to specified values or some other physical contraints are imposed. The outputadmittance zeros are not obtainable from the speech signal, as they correspond to resonant modes for closed-lip boundary conditions. The above results allow the synthesis of band-limited vocal-tract shapes from admittance functions that have only their low-frequency singularities specified. They can be generalized to any system exhibiting wave propagation primarily in one dimension only, for example, nonuniform transmission lines, and allow a low spatial-frequency synthesis of the system from two sets of low-order eigenvalues.
INTRODUCTION
HE generally accepted theory for production of the vocalic sounds of speech 1.2 considers the speech wave to be the result of the excitation of the vocal tract by a quasiperiodic source at the glottis. The vocal tract serves to modulate the excitation signal and thereby imparts linguistic character to the generated signal. The time-dependent positions of the various articulators, e.g., tongue, lips, velum, and jaw, are reflected in the short-time power spectrum of the speech signal, from which the formant frequencies (the resonant frequencies of the vocal tract) are determined. This paper considers to what extent the vocal-tract cross-sectionalarea function is derivable from formant information.
We anticipate that a representation of the speech event terms of a sequence of tract shapes more directly related to articulator positions will yield a simpler description of the event than one in terms of acoustic features only.
Detailed direct information regarding the shape of the entire vocal tract and the position of the articulators is available only through x-ray studies. For a uniform cylindrical tube of given length closed at one end, the higher formant frequencies are odd multiples of the lowest formant value. The essential analytic relationship for deviations from these values, "when a pipe is constricted its resonance frequency becomes low or high according as the constricted point is near the maximum point of volume current •velocity• A better insight into the nature of the cross-sectionalarea to formant-frequency transformation may be gained from Ungeheuer, ø who gave explicit approximate methods for determining the formant shifts exhibited by small area changes from the uniformly shaped tract. We extend Ungeheuer's work by formulating the formant-frequency shifts as first-order perturbations computable from the area changes. Within the limitations of first-order perturbation theory, each formant frequency is dependent on one and only one coefficient in the Fourier expansion of the logarithm of the cross-sectional area function. The even-order Fourier coefficients have no effect on the formant frequencies;hence, they cannot be determined from normal speech data.
For larger area changes, constraining the even coefficients to fixed values allows the computation of a set of odd coefficients equal in number to the specified The spatial resolution of the area data is directly dependent on the frequency range of the acoustic data. Information about higher-order formants contributes primarily to the specification of the higher spatialfrequency components of the area function.
Workers in the area of speech generation have long been looking for those elements of the vocal tract configuration which independently control the formant frequencies. The logarithmic Fourier coefficients play precisely this role. In the limiting case of small perturbations about a uniform tract, they independently determine each formant frequency. For larger distortions 7 y. Kadokawa and K. Nakata, J. Radio Res. Lab. Japan 11, 99-112 (1964 
whereA (x) is the cross-sectional area, X is an eigenvalue, co an eigenfrequency, c the velocity of sound, i the imaginary unit, and the primes denote differentiation. The formant frequencies are defined as the frequencies 
where the subscript 0 denotes the uniform-tract condition.
Since the area ratios rather than their values directly affect the eigenfrequencies, following a suggestion of 
•=1 Z and the first-order perturbations by where the subscript c denotes the closed-lip boundary condition. Following Eq. 7, we can set a0=log A0, but we observe that this is of no consequence since X•c-0; i.e., the zero eigenvalue is not subject to perturbation.
Under these conditions, the odd Fourier coefficients have no first-order effects and the even coefficients uniquely specify the changes in the eigenvalues and the corresponding formant frequencies. As we see later, for area changes larger than first order, the respective eigenfrequencies are still strongly dependent on the corresponding Fourier components of the area function but weakly dependent, in general, on all others as well. Now we consider the output admittance of the tract measured at the lips as a function of frequency, The nonsingularity of M allows us to approach a target point in singularity space iteratively from any starting point as closely as desired by mapping the desired path from the singularity space into the coefficient space and moving along that path by successive changes in the coefficient values. Appendix B gives further details on this procedure. Results are given in Table I for four different sets of singular-frequency data with iterative solutions in each case starting from seven different initial conditions. Computations were terminated whenever the frequency deviation from the target was less than 0.5% for all singularities. On the basis of first-order perturbation theory applied to a uniform shape, the maximum deviation in any area coeffi- 
II. APPLICATIONS OF THE THEORY
In order to demonstrate the applicability of these methods to real vocal-tract shapes, we have tested them on published quantized x-ray data of Fant 2 for six Russian vowels. The area functions were first modeled exactly, and the corresponding poles and zeros were determined. Next the band-limited area functions that satisfied these singularity data were computed, and they are compared to the original area data in Fig. 1 . Since the poles and zeros are invariant to a uniform multiplicatlye change in area, the tract shapes are determined from the singularities only up to a multiplicative constant. Hence, all area data have been normalized to a zero mean logarithmic value.
Although the area plots of Fig. 1 compare well, some deviations remain. To demonstrate that the source of these deviations is the noninvariability of the low-order singularities to band limiting, the same x-ray-derived area functions were band limited to six harmonic components and the point-by-point area values newly determined. The corresponding singularities were again computed, and the area functions satisfying the new singularity data were redetermined. Table II In the absence of additional constraints, formant information only is evidently insufficient for unique area determination. Perhaps the physical constraints acting on the articulators can be invoked to limit the inherent ambiguities. Lacking such information, we have explored the effects of an arbitrary analytical constraint to demonstrate one method by which the ambiguity problem may be resolved. Restricting the admissible area functions to those whose logarithms are antisymmetric functions about the midpoint of the vocal tract (area representation in terms of odd coefficients only) yields unique areas for a set of formants. This constraint was found to be valid to a large extent for most vowels, as can be observed from Fig. 3 , where the formants of the Fant x-ray-derived data were used to determine the corresponding antisymmetric area functions26 Area values have again been normalized to a zero mean logarithmic value. For the vowel/u/, the tract configuration tends to be almost symmetric, with the point of maximal constriction near the midpoint of the tract. Such a function cannot be represented in terms of antisymmetric components only. For the other vowels, however, the constraint is largely valid. In these cases, it appears to be a property of the anatomical system to vary primarily those components of the tract 31 /%, , , The results of the analysis presented here are in agreement with previous qualitative statements regarding the configurations of the vocal tract. It has been known that certain defects in the controlling mechanism of the articulators or in the articulatory mechanism itself can be overcome to a large extent by compensating movements at other places along the vocal tract. Our results indicate that a specific formant configuration may be generated by area functions ranging all the way from antisymmetric functions to those almost symmetric about the midpoint of the tract. Alternatively, if one half of the tract area is fixed, all vowel formant configurations may be obtained by varying the shape of the other half only. By means of the methods outlined, we make explicit procedures available for the determination of such shapes.
Qualitative arguments based on the sampling theorem suggest that the low-frequency behavior of the vocal tract is determined by the gross shape distortions or low-spatial-frequency components of the cross-sectional area of the tract. As the phonemic quality of vowel utterances is at most slightly changed by lowpass filtering preserving only the first three formant frequencies, it is evident that highly localized distortions of small magnitude have no appreciable effects on the quality of the generated acoustic signal. This does not, however, justify the treatment of the vocal tract as two or three weakly coupled cavities having uniform cross-sectional areas. It should also be noted that due to the nature of the logarithmic transformation, the effect of localized constrictions is much exaggerated compared to local dilations of similar magnitude.
Tracts of different length can be distorted to yield the same formant frequencies. Hence, differences in the length of speakers' tracts do not necessarily manifest themselves in systematic formant differences. We may consider that the articulatory apparatus in attempting to attain a configuration under acoustic feedback control--the primary method of learning the vowel phonemes of a foreign language--may, within limits, vary the length as well as the shape of the tract. Small extensions or contractions, which by themselves vary in a certain sense only the average formant locations, can serve to reduce the additional shape distortion required. The use of logarithmic area coefficients constrains the synthesized area functions to positive values. The convergence of the iteration sequence, although not proven in general, has been demonstrated by numerous trials on a digital computer. The procedure is not restricted to six coefficients and six singularities but can be applied to any even number of coefficients and an equal number of singularities.
